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Based on the Lieb-Schultz-Mattis construction we present a five parameter family of Spin-1 
Hamiltonians with degenerate groundstate. Starting from the critical 5(7(3) symmetric Hamiltonian, 
we look for those perturbations of the SU(3) symmetry, which leave the groundstate degenerate. 
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I. INTRODUCTION 

The critical properties of the spin- 1/2 XYZ model with Hamiltonian: 

3 N 

H{J 1 ,J 2 ,.h)=Y J JiHu H l =J2m(x)m{x + l) (1.1) 

1=1 x=l 

are wellknown. The SU(2) symmetric model with isotropic couplings..,/! = J2 = J 3 is critical in the sense, that there 
is no gap between the groundstate and the lowlying excited states.EI The spectrum of lowlying energy eigenvalues 
' changes, if we perturb the SU(2) symmetry. One has to distinguish two types of perturbations: 

I (1) longitudinal perturbations: 

J X = J 2 = J, J 3 = J + AJ 3 . (1.2) 

J. 

U: 

N 



The symmetries of this one parameter family of Hamiltonians allow for the constructional of a unitary operator 

S 



; U = exp(iA), A = ^^xa 3 (x), (1.3) 



which creates from the groundstate |0) a new orthogonal state 



><■ |1) = ^|0), (0|1) = (0|[/|0) = 0, (1.4) 

with the same energy in the thermodynamical limit N — > 00 

(l\H(J, J, J 3 )\l) - (0\H(J, J, J 3 )|0) = OiN- 1 ). (1.5) 

Therefore the groundstate is at least twofold degenerate. Indeed, the system with Hamiltonian (1.2) remains 
critical for perturbations AJ3 < [Ref. [2J. For AJ3 > 0, there is a twofold degenerate groundstate and a gap 
between the lowest energy eigenvalues in the sectors with total spin \S 3 \ = 1 and S3 = 0: 



E(\S 3 \ = 1,AJ 3 )-E(\S 3 \ = 0, AJ 3 ) = 16vrexp ^-^==j . (1.6) 

The gap vanishes exponentially in the isotropic limit AJ3 — > [Ref. |^j. Therefore at the SU(2) symmetric point, 
where the Hamiltonian (1.1) can be expressed in terms of permutation operators: 

P{x,v) = \t + \s{x)a{y), (1.7) 
there is a phase transition of the Kosterlitz-Thouless type in the anisotropy parameter AJ 3 . 
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(2) transverse perturbations: 



Ji = J + A J, J 2 = J- A J, J 3 = J. 



(1.8) 



The groundstate is now unique and a gap opens between the groundstate and the first excited state. 

It is the purpose of this paper to investigate the critical properties of higher spin models with s = 1 and s = I . 
The first question we should answer is: "What is the 'natural' extension of the XYZ-model (1.1) with broken SU(2) 
symmetry in case of higher spins ?" n 

Usually one substitutes the spin-1/2 matrices by the corresponding spin-1,-3/2 matrices. Haldane's conjecturecl 
tells us that in this naive extension we compare Hamiltonians with completely different critical properties: In contrast 
to the isotropic spin-1/2 model, the isotropic spin-1 model is predicted to have a unique groundstate and a gap. For 
reasons, which will become clear in this paper, the natural extensions of the XYZ-model are given by Hamiltonians 
which we construct from the generators Xa, A — 1, 2, n = m 2 — 1 of the groups SU (m), m — 3, 4, ... : 

n N 

H{J A ,A = l,...,n)=J2 J AH A , H a = J2 x a(x)X a (x + 1). (1.9) 

A=l x—l 

The number of anisotropy parameters J a is given by the number n = m? — 1 of generators in the internal symmetry 
group SU (m). This means n = 8 for the spin-1 case and n = 15 for the spin-3/2 case. Looking for the critical properties 
in these high dimensional parameter spaces, we got the impression, that the various spin cases s = 1/2, 1, 3/2 are not 
that different. 

It is the main goal of this paper to learn as much as possible on the 'critical submanifold' in the space of anisotropy 
parameters Ja, where the systems with Hamiltonians (1.9) are gapless. The isotropic point: 

J A = J, A = l, ...,n = m 2 - 1, (1.10) 

is known to lie on the critical submanifold for all internal symmetry groups SU(m) [Ref. It is also remarkable to 
note that these Hamiltonians can always be expressed in terms of the permutation operators: 

1 1 m2 ~ 1 

P(x,y) = -1 + - X A (x)X A (y). (1.11) 

A=l 

Having found one point on the critical submanifold we are lead to our second question: "What kind of perturbations of 
the critical SU (m) symmetric Hamiltonian do not destroy criticality?" We want_to show in this paper that a partial 
answer can be found by a generalization of the Lieb-Schultz-Mattis constructions for a submanifold of Hamiltonians 
of the type (1.9). 

The outline of the paper is as follows: In Sec. II we present the Lieb-Schultz-Mattis construction for the spin- 
1 5C/(3)-case . In Sec. Ill we compare our results on the criticality of spin-1 models with the known results on 
the bilinear and biquadratic spin-1 Hamiltonian. In Sec. IV we extend the Lieb-Schultz-Mattis construction to the 
spin-3/2 S'f7(4)-case. 



II. THE SPIN-1 SC/(3)-CASE 

In this section, we are concerned with the Hamiltonians (1.9) for the 5J7(3)-case. It is convenient to represent 
the SU(3) generators by the Gell-Mann matrices listed in (A.l). We are going to prove that the Lieb-Schultz-Mattis 
constructionEl is possible for those Hamiltonians (1.9) with couplings: 

Ji, J2, -hi Ji = J5, J& = J71 J&- (2-1) 

The unitary operator U, which creates from the groundstate |0) a second orthogonal groundstate |1) = U\0), is found 
to be: 

2 N 

(7 = exp( l A), ^=-=^]>>A 8 (x). (2.2) 

^ X— 1 

The following symmetries of the Hamiltonian are needed: 
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(1) Refiection-and translation invariance R and T. Note that these two operators anticommutc: 

RT + TR = 0. (2.3) 

Therefore, momentum p is a good quantum number and the groundstate is trivially degenerate due to reflection 
invariance if p ^ 0, w. 

(2) Conservation of: 

JV 

A 8 = (2.4) 

x=l 

This property follows from the commutation relations with the various pieces of the Hamiltonian (2.1): 

[A 8 ,i^]=0, A =1,2, 3, 8, (2.5) 

[A 8 ,H 4 + H 5 ] = [A 8 ,H 6 + H 7 ] = 0. (2.6) 

They can be easily derived from the properties of the Gell-Mann matrices (A.l). Note that the groundstate is 
an eigenfunction of: 

1 r A s |0> . ^i%>. (2.7) 



V3N ' ' 3N 

The eigenvalue counts the number N of sites with "spin 0" . The spin at each site x is measured by the eigenvalue 
of A 3 (x). 

We are now in the position to show that the difference of the expectation values: 

- (0|ff|0) = 0(N~ 1 ), (2.8) 

vanishes for the Hamiltonians (2.1) in the thermodynamical limit. Due to the commutation relations (A. 6) and the 
transformation properties (A. 9), (A. 10) we get for the various pieces of the Hamiltonian (2.1) 

(0\UH A U + \0)-(0\H A \0)=0, A = 1,2,3,8, (2.9) 
(0\U{H 4 + H 5 )U+\0) - (0\H A + H 5 \0) =0(N- 1 ), (2.10) 

(0\U(H e + H 7 )U+\0) - (0\H 6 + H 7 \0) = O^" 1 ). (2.11) 

In order to see the orthogonality of the two states |0) and |1) = U\0) we use translation invariance, the conservation 
of Ag, the periodic boundary condition: 

A 8 (AT + 1) = A 8 (1), (2.12) 

and the explicit form (A.l) of A 8 (l) 

exp(^A 8 (l))=ex P (^)lL, (2.13) 
<0|17|0> = exp (27rf^^ <0|t/|0>. (2.14) 



Therefore, the two states are orthogonal provided that: 

exp (^TTi^j ? 1. (2.15) 

This means that in the groundstate |0) the fraction N /N of sites with spin is neither zero nor one. We expect that 
this fraction is 1/3 -at least in the SU(3) symmetric case, where the groundstate is built up from direct products of 
three fundamental representations: 

3(g)3(g)3 = ie8e8eio. (2.16) 

The singlet part is projected out by antisymmetrization. These "trimer" or "baryon" states are the SU(3) analogue 



of the "dimer" or "valence bond" states in the SU (2) case. 
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III. THE BILINEAR AND BIQUADRATIC SPIN-1 HAMILTONIANS 



The spin-1 Hamiltonian:! 

H(u>) = J^^i \cos lj s{x)s{x + 1) + sincj(s(x)s(a; + l)) 2 , (3-1) 

X 

built up from the 0(3) generators s;, I — 1, 2, 3 with bilinear and biquadratic couplings is considered here as a special 
case of (1.9) with a specific perturbation of the S'C/(3)-symmetry. From the explicit form (A.l) of the Gell-Mann 
matrices we can identify: 

si(a;) = A 7 (x), s 2 (x) = -\ 5 {x), s 3 (x) = \ 2 {x). (3.2) 
Using the commutation and anticommutation relations (A. 2) and (A. 4) we can express the biquadratic form 

(s(x)s(x + l)) 2 (3.3) 
in terms of bilinears Xa(x)Xa{x + 1) and arrive at the following representation of the Hamiltonian (3.1): 



where 



, 1 \ J , . 

J2 = J [ cos lo — — sin lo I , Ji = — sin to. (3-5) 



The SU(3) symmetric point is found at: 



This is the only Hamiltonian (3.1) which belongs to the submanifold (2.1) of Hamiltonians with degengerate ground- 
state. The Hamiltonian with pure biquadratic coupling: 

»-§, A— f A = f (3.7) 

does not belong to the submanifold (2.1). The Hamiltonian (3.7) has been proven by A.KlumpeJl to have a gap. The 
Hamiltonian (3.1) with: 

— f= * -575. *— 555 (") 

has been proven to be critical.! However it does not belong to the submanifold (2.1). We therefore suggest, that there 
are further unitary operators of the Lieb-Schultz-Mattis type. However, so far we did not succeed to construct them. 

We would like to stress here, that the Hamiltonians (3.5) and (3.8) (u = ±7r/4) are the only ones which have 
been proven to be critical. Moreover, it has been suggested by I. Aflieckj3 that they are indeed the only ones. E.g. 
the pure bilinear Hamiltonian with lo = has a gap and a unique groundstate, if Haldanes conjecture is correct. 
From our group theoretical point of view, the perturbation of the S'C/(3)-symmetry in the one parameter family (3.1) 
is comparable with the transverse perturbations (1.8) of the S'C/(2)-symmetry in the spin-1/2 case which destroys 
criticality. 



IV. THE SPIN-3/2 5C/(4)-CASE 

We are now considering Hamiltonians of the type (1.9) which are built up from the 15 generators A^, A = 1, 15 
of the group SU(4). We are looking for the submanifold of Hamiltonians with degenerate groundstate. The Lieb- 
Schultz-Mattis construction can be performed for Hamiltonians with couplings 
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J A , A = 1, ...,8,15 J 9 = Jio, Ju = Ji 2) Jia = Ju- (4.1) 

The unitary operator U, which creates from the groundstate |0) a second orthogonal groundstate |1) = U\0), is found 
to be: 

v x — 1 

The proof is completely analogous to the SU (2>)-case in Sec. II and is based on reflection and translation invariance 
and the conservation of: 

N 

Ai 5 = X>i5(z)- (4-3) 

x=l 

This property follows from the commutation relations with the various pieces of the Hamiltonian (4.1): 

[A 15 ,H A }=0, A =1, ...,8,15, (4.4) 

[A 15 ,H 9 + H w \ = [A 15 ,ifn + #i 2 ] - [Aie, H 13 + H u ] = 0. (4.5) 

Note that the groundstate is an eigenfunction of A15 and we expect its eigenvalue to be 0. 

In contrast to the SU(3)-case, we find within the submanifold (4.1) a smaller submanifold of Hamiltonians with 
couplings 

Ji = J2, J3, J4 = J5, Jq — Jj, Js, J9 = Jio, J11 = J12, J13 = J14, J15, (4-6) 
where a second unitary operator 

2tt N 

W = exp(iB), B = —J2 XS *( X ) ( 4J ) 

x=l 



creates from the groundstate |0) a new orthogonal state |2) = W^lO) with the same energy. The operator B is 
constructed from the spin-3/2 matrices s^{x) which can be represented by a linear combination of the commuting 
matrices A3, As, A15. The three states |0), |1) = U\0), |2) = M^lO) with the groundstate energy in the thermodynamical 
limit turn out to be orthogonal to each other: 

(0|Z7|0) = (0\W\0) = (0\U + W\0) = 0. (4.8) 

The proof relies on the explicit form of A15 and S3 which yields: 

exp M Ai5 )= !i - (49) 

Thus we end up with the conclusion: The groundstates of the Hamiltonians (4.6) are at least threefold degenerate! 

V. CONCLUSION 

In this paper we have made an attempt to attack the question: "What are the crucial characteristics of critical (i.e. 
gapless) quantum spin Hamiltonians with nearest neighbour couplings in one dimension?" Though we are far from a 
complete answer, we would like to emphasize on the following points: 

(1) 5f7(m)-invariant Hamiltonians! are critical. They can be expressed in terms of nearest neighbour permutation 
operators. 

(2) Specific perturbations of the SU (m) symmetry do not destroy criticality completely in the sense, that the 
groundstate remains degenerate at least to a certain degree (twofold, threefold, etc. ). For m = 2 -i.e. s = 1/2- 
these perturbations are known to form a one dimensional submanifold - the familiar spin- 1/2 XXZ-models - in 
the two dimensional manifold of anisotropy parameters. 
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(3) For m — 3 -i.e. s = 1- we found in the seven dimensional manifold of anisotropy parameters a five dimensional 
submanifold, where the groundstate is at least twofold degenerate. 

(4) A special example of a one parameter family of spin-1 Hamiltonians with degenerate groundstate is: 

H(AJ 3 ) = [s(x)s(x + 1) + (s(x)s(x + l)) 2 + AJ 3 s 3 (x)s 3 (x + 1)] . (5.1) 

x 

Note that for the Hamiltonian (5.1) the numbers Nq, N\, N-i of sites with spin 0, 1, —1 are conserved. In our 
opinion, the Hamiltonian (5.1) is the "true" spin-1 analogue to the spin-1/2 XXZ-model. We expect to find a 
Kosterlitz-Thouless phase transition at the SU(3) symmetric point AJ 3 = 0. 

(5) The familiar spin-1 XXZ-Hamiltonian - i.e. (5.1) without the biquadratic term - does not belong to the 
aforementioned submanifold with degenerate groundstate. Of course this does not mean that these Hamiltonians 
are definitely noncritical. We were simply unable to find an operator of the Lieb-Schultz-Mattis type for these 
Hamiltonians. 

(6) For m = 4 -i.e. s = 3/2- we found in the 14 dimensional manifold of the anisotropy parameters an 11 dimensional 
submanifold, where the groundstate is at least twofold degenerate. On a smaller 9 dimensional submanifold the 
groundstate turned out to be at least threefold degenerate. 

(7) Extension to higher spin cases is straightforward. 
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APPENDIX A: SOME PROPERTIES OF SU(3) AND SU(4) GENERATORS 



Ai = 



A 4 = , A 5 = , A 6 = 1 , (Al) 





1,. 


..,8 





1 




1 





i) 
























i) 


1 






















—i 





i 










-i 0\ 




),A 2 = 


i 





,A.-( 






J 








o -A 




),A 5 = 


!: 





,A 6 =( 






j 






1 
1 

0-2 

define the fundamental ("quark") representation of the SU(3) Lie algebra: 



A; = | () -/ I , A 8 = -^= | I 



[X A , X B ] = 2* IabcXc (A2) 

C=l 

with the totally antisymmetric structure constants Jabc- We can identify the matrices 

A2 = S3, A 5 = -s 2 , A 7 = si (A3) 

with the 0(3) generators sij — 1,2,3. In contrast to the spin-1 matrices si, the Gell-Mann matrices close under 
anticommutation as well - like the Pauli matrices: 

A 8 

4 x ^ 

{X A , X B } = -Sab + d ABC^c, (A4) 
6 c=i 
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with the totally symmetric structure constants cIabc- 

Using the commutation- and anticommutation relations (A. 2) and (A. 4) one can express the biquadratic form: 

(s(x)s(x + l)) 2 = X - ]T \ A {x)\ A {x + l)-\ Y, *a(x)\a(x + 1), (A5) 

A^2,5,7 .4=2,5,7 

in terms of bilinears of the Gell-Mann matrices. The Lieb-Schultz-Mattis construction in Sec. II relies on the following 
commutation relations and transformation properties: 

[X A (x),Xa(x)] = 0, A = 1,2,3, (A6) 

[\ 4 (x)\ 4 (x + 1) ± A 5 (a;)A 5 (a; + 1), A 8 (x) ± A 8 (x + 1)] = 0, (A7) 

[\ 6 {x)\ 6 (x + 1) ± A7(x)A 7 (a; + 1), A 8 (x) ± A 8 (x + 1)] = 0, (A8) 

U(x)(X 4 (x) ± i\ 5 (x))U + (x) = cxp ( ± i<f>(x))(X 4 (x) ± iX 5 (x)), (A9) 

U(x)(X 6 (x) ± iX 7 (x))U + (x) =cxp(±i(j)(x))(X 6 (x)±iX 7 (x)), (A10) 

where 

U(x) = exp ^^-X 8 (x)^j . (All) 

Finally let us list the SU(4) generators (A^)^, A = 1, 15; j, k = 1,2,3,4 as they were used in Sec. IV. The 
generators A = 3, 8, 15 form the Cartan subalgebra: 

A 3 = e 22 - e 33 , (A12) 

A 8 = -^=(e 2 2 + e 3 3 - 2e 4 4), (A13) 
v3 

Ai 5 = -^=(-3en + e 22 + e 33 + e 44 ), (A14) 
V6 

where ejk are 4x4 matrices with only one nonzero element in the j'th row and k'th column. The nondiagonal 
generators can be expressed in terms of raising and lowering operators e^: 

X A = \{ejk+e kj ), A = 1,4,6,9,11,13, (A15) 

X A = ^-{e jk -e kj ). A = 2,5,7,10,12,14. (A16) 
The relation between the indices A and (jk) can be read of TABLE I: 
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1 


2 
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12 


13 


14 


(jk) 


(23) 


(23) 


(24) 


(24) 
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(34) 


(12) 


(12) 


(13) 


(13) 


(14) 


(14) 
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